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SOME FIXED POINT THEOREMS ON GENERALIZED METRIC 
SPACES 


ESRA YOLACAN 


ABSTRACT. In this paper, we establish fixed point theorems for mappings satisfying a mod- 
ified y — w—contractive mappings in generalized metric spaces. Moreover, the effectiveness 
of our work is validated with the help of a suitable example. 


1. INTRODUCTION AND PRELIMINARIES 


In this section, we give some useful definitions and lemmas that will be needed in the 
sequel. 


Definition 1. [2] Let X be a nonempty set and let p: X x X — |0,00) satisfy the following 
conditions for all x, y E€ X and all distinct u, v E€ X each of them different from x and y. 


(1) p(x,y) = 0 if and only if x =y, 

(2) p (x,y) = p (y, T), 

(3) p (x,y) < p (x,u) + p (u,v) + p (v, y). 

Then the map p is called generalized metric and abbreviated as GM. Here, the pair (X, p) 
is called generalized metric space and abbreviated as GMS. 


Definition 2. [2] Let (X, p) a g.m.s and {£n} be sequence in X. 


(1) {zn} is called g.m.s convergent to a limit x if and only if p (£n,x£) 40 as n > oo, 

(2) {xn} is called g.m.s Cauchy sequence if and only if for every € > 0 there exists positive 
integer N (e€) such that p(n, £m) < € for alln >m >N (e). 

(3) A rectangular metric spaces (X, p) is called complete if every g.m.s Cauchy sequence 
is g.m.s convergent. 

(4) A mapping T : (X, p) > (X, p) is continuous if for any sequence {x,} in X such that 
p (£n, £) > 0 as n —> œ, we have p (Tzn, T£) 4 0 as n —> ov. 


Lemma 1. [6] Let (X, p) be a g.m.s., and let {x,} be a Cauchy sequence in X such that 
Ln FLm whenever n m. Then {x,} can converge to at most one point. 


Lemma 2. [6] Let (X, p) be a g.m.s, and let {x,} be a sequence in X with distinct elements 
(En £ Em forn +m). Suppose that p (Xn, &n41) and p (Tn, €n+2) tend to 0 as n —> œ and 
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that {£n} is not a Cauchy sequence. Then there exists e > 0 and two sequences {mx} and 
{nx} of positive integers such that ng > mz > k and the following sequences 


(1.1) P (Tiii Enr) ? P (eae) f P (Timi tac) ? pP (amas ta) 


tend to € as k + œ. 
In 2012, Samet et al. introduced the notion of a — admissible mappings as follows. 


Definition 3. [1] Let T : X > X anda: X x X —> (0,00) be given mappings. We say that 
T is a— admissible if for all x, y E X, we have 


ay) > 1 >qa(Tx,Ty) 21. 

In 2014, Popescu [3] investigated the notion of triangular a—orbital admissible as follows. 
Definition 4. [3] Let T : X —> X be a mapping anda: X x X — [0,00) be a function. We 
say that T is a — orbital admissible if 

a(x, Tx) > 1 Sala T a) > 1. 
Definition 5. [3] An a — orbital admissible map T is said to be triangular a — orbital 


admissible if 
a (x,y) > 1 anda(y,Ty)> 1 imply a(x, Ty) > 1. 


Lemma 3. [3] Let T : X —> X be a triangular a — orbital admissible mapping. Assume 
that there exists xı E X such that a (xı, Tı) > 1. Define a sequence {£n} by Eny = Ttr. 
Then we a (£n,£m) > 1 for allm, n E N withn < m. 


Definition 6. [5] Let T be a self-mapping on a metric space (X, p) and let a, n: X x X > 
[(0, co) be two functions. We say that T is an a — admissible with respect to n mapping if 
z,y E€ X, a (x,y) 2 n(z,y) > a (Tz,Ty) > n(Tz,Ty). 

Remark 1. [4] Define the mapping y : X x X — [0,00) by 


1 falx, y) > n(z,y), 
T T E a S 
0 otherwise 


Also, Bergiz and Karapinar [4] showed that 


1 ifa (x, Tz)a (y, Ty) > n(z,Tx)n (y, Ty), 


T Ty) = 
¥(@, Tx) (y, Ty) is otherwise 


Clearly, if T is an a — admissible with respect to n, then T is y — admissible. 


In this paper, we establish fixed point theorems for mappings satisfying a modified y — 
w—contractive mappings in generalized metric spaces. Moreover, the effectiveness of our 
work is validated with the help of a suitable example. 
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2. MAIN RESULTS 
We denote by Y the set of functions 7 : [0,+00) — [0,+00) satisfying the following 
hypotheses: 
(1) w is continuous and nondecreasing, 
(2) y (t) = 0 if and only if t = 0. 
We denote by ®* the set of functions y : [0,+00) — [0,+00) satisfying the following 
hypotheses: 


(1) lim inf,,,4 y (t) > 0 for all r > 0, 
(2) y(t) = 0 if and only if t = 0. 
Theorem 1. Let (X,p) be a g.m.s, and let T be a mapping. Assume that for Y € Y and 
pee; 
z, y E A, ya Ta) 7 (y, Py) 21 
(2.1) = 4(p(Tz,Ty)) < Y (p(z,y)) — ẹ (e(z,y))- 


Also suppose that the following assertions hold: 

(i) T is triangular y — orbital admissible; 

(ii) there exists xo E X such that y (xo, Txo) > 1; 

(iii) T is continuous or for any sequence {x,} in X with y(n, &n41) > 1 for alln EN, 
and limp, Zn = z, we have y(x, Tx) > 1 for alin €N. 

Then T has a fixed point u E€ X and p(u,u) = 0. 


Proof. From (ii) let 29 € X, construct the sequence {z} as £n = T”zo = Tzn- for all 
n E€ N. If 241 = £n for some n EN, then x = 2, is a fixed point for T. Assume furher that 
Inti Æ Ly for each n € N. By (ii) if there exists zo € X such that a (zo, Txo) > n (xo, T 20), 
then this zo satisfies also y (xo, Tx) > 1. By Lemma 3, we have y (£n, &n+1) > 1. Clearly, 


Q (Ln, TEn) (n41, LEn41) > N (En, TEn) N (Enyi, TEn). 
Consequently, we have 
(2.2) Y (En, TEn) Y (En41;, tag) 2 1. 
Since T is triangular y — orbital admissible, by Lemma 3, we have that 
(2.3) Y (Gente) > 1, Nome te No 


Then, 
Q (En, Teh (Em, T Em) > N(En, TEn) hs T Em). 


Thus, we have 


(2.4) Y (En TEn) Y (Im, T £m) 2 1. 
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By (2.1), we have 


(2.5) Y (p (En, Inti) = Y(e(Lrn-1,T Zn) 
p (p (ini; Tn)) —Y (p (Tri; Tn)) . 


IA 


From (2.5), using the monotone property of function Y, and y (p (£n-1, £n)) > 0, we get 
(2.6) p (En, Gaia) < P (En-1, £n) for all n € N. 


By (2.6), it follows that the sequence of positive reals {p (£n, &n+1)} is nonincreasing and 
eventually, there exists a > 0 such that limpo P (Zn, In41) = a. We claim that limy +6 P (En, Zn41) = 
a=0. 

Suppose, to the contrary, that a > 0. Letting n —> oo in (2.5) and by the continuity of w 
and the property (1) of function y € ®*, we have 


(a) <¢v(@)—_ liminf (a) <4 (a), 


pln En+1 )>a 


a contradiction. Then 


(2.7) lim p (£n, iy = 0. 


n— o0 


Analogously, we shall prove that limp. P (£n, £n+2) = 0. By (2.1), we have 


(2.8) Y (P (Ln, En42)) = Y (p(TEn-1, T2n41)) 
< yp (p (Ini tata) —Y (p (En-1, Leia) . 


From (2.8), using the monotone property of function Y, and y (p (£n-1, &n+1)) > 0, we get 
(2.9) P (En, En42) < P (En-1, n41) for all n € N. 


By (2.9), it follows that the sequence of positive reals {p (£n—-1, Zn41)} is monotone decreasing 
and eventually, there exists b > 0 such that limpo P (Zn-1;, n41) = b. We claim that 
lites trata) = b =O. 

Suppose, to the contrary, that b > 0. Letting n — oo in (2.8) and by the continuity of w 
and the property (1) of function y € ®*, we have 


p) <y(b)— liminf lb) <y (b), 


plin- 1;Tn+1 )—>bt 


a contradiction. On the other hand, the continuity of w yields that 


(2.10) b= lim peg) = 0 = lim p (£n, n42)- 


noo n—> o0 
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Assume that £n = £m for some m,n EN, m<n 


(0 (Em, £m+1)) = P(e (Ln, En+41)) 


< Y (p(En-1;En)) = P (p (@n-15 €n)) 
< U(0(@n-1;%n)) 

SY" (p (Em, &m+1)) 

< Y (p (Em, &m41)); 


a contradiction. Therefore, all elements of the sequence {æn} are distinct. 

In order to prove that {xn} is a Cauchy sequence in (X, p), suppose that it is not. Then 
by Lemma 2, from (2.7) and (2.10), we claim that there exists € > 0 and two sequences 
{m,} and {n} of positive integers such that ng > mg > k and (1.1) tends to £ as k > oo. 
Regarding (2.1) and (2.4), we find that 


Y (p (Emys Eney) = 4% (p (T2mj,1,T&n,)) 


(2.11) Y (p (Cara) = (p (T ri 


IA 


Letting n — oo in (2.11) and by the continuity of w and the property (1) of function y € 
®*, we have 


vle)<v(e)— liminf  ọ(e)< ve), 


P(@mz_1+tn, )et 

which is a contradiction. Thus, {x,,} is a Cauchy sequence. Since (X, p) is a complete g.m.s., 
there exists u € X such that lim, +. P (£n, u) = 0. We suppose that T is continuous, then 
we have 

lim p (Tzn, u) = lim p (£n+1, Tu) = 0. 

n=>o0 n00 
From Lemma 1, we obtain that Tu = u. On the other hand, in view of (2.2) and x, > u as 
n — œ, so 

a (u, Tu) > n (u, Tu), 
which implies 
Q (Zn, En41) Q (u, Tu) > N (£n, €n+1)9 (u, Tu). 
This implies also 
y(n, T £n) y(u, Tu) > 1. 


By (2.1) we have 
Y (p (tn41,Tu)) = Y (p(T£n, Tu)) 
Y (p (En, t)) — 9 (P (2n, U)) . 
Now, by using the properties of w and ọ and taking liminf as n > oo, we obtain 


Y (p (u, Tu)) = lim  (p (£n+1, Tu)) = 0. 


n—> o0 


IA 
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Then p(u, Tu) = 0. In this way u = Tu. Therefore, we obtain that T has a fixed point 
u € X and p(u,u) = 0. 














In consequence of Theorem 1, we may indicate the following corollary. Taking 4% (t) = t 
and y (t) = (1 — k) t in Theorem 1, we have following. 


Corollary 1. Let (X,p) be a g.m.s, and let T be a mapping. Assume that there exists 
k € |0,1) and such that for all x, y € X 


z, y E X,7(a,Tr)yy,Ty) 21 

(2.12) = p(Tx,Ty) < kp (x,y). 

Also suppose that the following assertions hold: 

(i) T is triangular y — orbital admissible; 

(ii) there exists xo E X such that y (£o, Txo) > 1; 

(iii) T is continuous or for any sequence {x,} in X with y (£n, &n41) > 1 for alln €N, 
and limp so 2n = z, we have y(x, Tx) > 1 for alln €N. 

Then T has a fixed point u € X and p (u, u) = 0. 


We give an example which is inspired by Example 39 of [7]. 


Example 1. Let X = {0,1,2,3}. Define p : X x X — [0, œœ) as follows: 
p(x,y) =p (y, x) for all x, y E€ X and p (x,y) =0 if and only if y = x. Further, let 


p (0,2) m p (0,3) = p (2,3) = 2; 
p (0, 1) = p (1, 2) = 4; 
p,3) = 1. 


Then it easy to show that (X, p) is a complete g.m.s., but (X, p) is not a metric space since 
the triangle inequality does not hold for all x, y, z © X : 


4 = (1,2) > p(1,3) +p (3,2) =142=3. 


if x, yE X — {2} 
otherwise l 


alo e 


Dene TX > XT) = 4 | me ond ton) = { 


Firstly, we will prove that 
(1) T is triangular y — orbital admissible; 
(2) there exists xo E X such that y (zo, Txo) > 1; 
(3) for any sequence {£n} in X with y (£n, £&n+1) > 1 for alin EN, and liMn>o Tn = 2, 
i have y(x,Tx) > 1 for alln €N; 
(4) T has a fixed point u € X and p(u,u) = 0. 
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Proof. 1. (a) Let x € X such that y(z,Tx) > 1 implies y(T'z,T?x) > 1. Then, by the 
definiton of y, we have x € X — {2}, therefore, we obtain 
(0,70) = (0,1) > 1 and y (70,70) = (1,1) >1 
Y(,T1) = 7(1,1) > 1 and y(71,7%1) = 7 (1,1) > I; 
(3,73) = E EE EE E E 
We have also shown that T is y — orbital admissible. 
(b) Let xz, y € X such that y(z,y) > 1 and y (y, Ty) > 1 imply y (z,Ty) > 1. Again the 
definition of y gives x, y € X — {2}, hence we obtain 
q (0,1) 1 and 7 (1, T1) > 1 imply 7 (0, T1) > 1; 
7(0,3) 2 1andņq(3,T3) > 1 imply 7 (0, T3) > 1; 
y(1,3) > land 7(3,73) > 1 imply y(1,T3) > 1. 


vV IV 


Thereby, (a) and (b) imply that T is triangular y — orbital admissible. 

2. Taking zo = 1, we have y (1,T1) = 7 (1,1) > 1. 

3. Let {£n} be sequence in X such that y (£n, £n+1) > 1 for all n € N, and lim, ,.0 Zn = T. 
By the definiton of y, for each n, £n € X — {2} = {0,1,3}. Since {0,1,3} is closed, we get 
that x € {0,1,3}. Thus, we have y (£n, £) = 1 for each n. 

4. Clearly, T has a fixed point 1 € X. Thus, by the definiton of y, we obtain y (1,1) = 1. 

Now, we claim that there exists k € [0,1) and such that for all x, y € X 


x,y E X,q(x,Tz)y(y,Ty)>1 
=> p(Txz,Ty) < kp (x,y). 


Firstly, y (x, Tæ) y (y, Ty) > 1 implies z, y € X — {2}. 
Also, let x, y € X with x Æ y and consider the following possible cases. 
Case 1. If x,y € {0,1,3}, then p (Tz,Ty) = p (1,1) = 0 and thus (2.12) trivially holds. 
Case 2. If x = 2, y € {0,1,3}, then p(Tz, Ty) = p (3,1) = 1. Let k = 0.6. 
If y = 0, then 
1 = p (T2, T0) < kp (2,0) = 0.6.2 = 1.2. 
If y = 1, then 
1 = p(T2,T1) < kp (2,1) = 0.6.4 = 2.4. 
If y = 3, then 
1 = p(T2,T3) < kp (2,3) = 0.6.2 = 1.2. 
Case 3. Let x € {0,1,3}, y = 2. Since p is symmetric, thus (2.12) holds trivially by Case 
2. 
In this way, inequality (2.12) is satisfied. Hence all the conditions of Corollary 1 are 
satisfied. 
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